We study the uniform behavior of the heat kernel under the adiabatic limit using microlocal analysis and apply it to derive a formula for the analytic torsion.
Introduction
The adiabatic limit refers to the geometric degeneration in which the metric is being blown up along certain directions, typically the base directions of a fibration. The study of the adiabatic limit of geometric invariants is initiated by E. Witten [40] , who relates the adiabatic limit of the -invariant to the holonomy of determinant line bundle, the so-called "global anomaly". In this case the manifold is fibered over a circle and the metric is being blown up along the circle direction. Witten's result was given full mathematical treatment in [8] , [9] and [13] , see also [16] . In [4], J.-M. Bismut and J. Cheeger studied the adiabatic limit of the eta invariant for a general fibration of closed manifolds. Assuming the invertibility of the Dirac family along the fibers, they showed that the adiabatic limit of the -invariant of a Dirac operator on the total space is expressible in terms of a canonically constructed differential form,˜, on the base. The Bismut-Cheeger˜form is a higher-dimensional analogue of the -invariant and it is exactly the boundary correction term in the families index theorem for manifolds with boundary, Research supported in part by the National Science Foundation A version of this manuscript has been in circulation for many years. Some parts of the material, e.g., Section 4 on the bundle rescaling, has appeared in print, see [30] .
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[5], [6] . The families index theorem for manifolds with boundary has since been established in full generality by , [32] . The general adiabatic limit formula for eta invariant is proved in [14] .
Around the same time, Mazzeo and the second author took on the analytic aspect of the adiabatic limit [27] and studied the uniform structure of the Green's operator of the Laplacian in the adiabatic limit. Their analysis enables the first author to prove the general adiabatic limit formula in [14] . The adiabatic limit formula is used in [7] to prove a generalization of the Hirzebruch conjecture on the signature defect (cf . [1],[35] ). Other applications of adiabatic limit technique can be found in [41] , [17] and [37] .
The main purpose of this paper is to study the uniform behavior of the heat kernel in the adiabatic limit. The adiabatic limit introduces degeneracy along the base directions and gives rise to a new singularity for the heat kernel which interacts in a complicated way with the usual diagonal singularity. We resolve this difficulty by lifting the heat kernel to a larger space obtained by blowing up certain submanifolds of the usual carrier space of the heat kernel (times the adiabatic direction). The new space is a manifold with corners and the uniform structure of the adiabatic heat kernel can be expressed by stating that it gives rise to a polyhomogeneous conormal distribution on the new space.
More precisely, if : −→ is a fibration with typical fibre , the adiabatic metric is a one-parameter family of metrics −2 , with = * ℎ + 2 , on , where ℎ is a metric on and a symmetric 2-tensor on which restricts to Riemannian metrics on the fibers. Note that collapses the fibration to the base space in the limit → 0. Our main object of study is the regularity of the heat kernel exp(− ) of the Laplacian for the metric . We prefer to write the heat kernel as exp(− 2 ) where is the Laplacian of the adiabatic metric / 2 . The techniques of [27] are extended to construct the 'adiabatic heat calculus,' of which this heat kernel is a fairly typical element. In particular is considered as an operator on the rescaled bundle * which is the bundle of exterior powers of the adiabatic cotangent bundle * , = × [0, 1]. This rescaling and parabolic blow-up methods are used to define the 'adiabatic heat space,'
The adiabatic heat calculus, Ψ * , * , * ( ; * ), is defined in terms of the Schwartz kernels of its elements which are smooth sections over 2 of the kernel bundle, a weighted version of the lift of the homomorphism bundle tensored with a density bundle. The operator exp(− ) is constructed in this calculus directly using the three symbol homomorphisms. Each of these maps is defined by evaluation of the Schwartz kernel at one of the boundary hypersurfaces of 2 . The first of the symbol maps is just a parametrized version of the corresponding map for the ordinary heat calculus and is used in exactly the same way; in this case it takes values in the fibrewise operators on the bundle over . The second map is more global and takes values in fibrewise operators on the space [0, ∞) × * ( ) as a bundle over . In fact the image consists of elements of the heat calculus for the fibres × = ( , ) for each ∈ , ∈ . The ordinary heat calculus can be used to invert these operators. The third map is the
